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1. INTRODUCTION 
A subset D of a group S is a planar difference set if for each nonidentity 
element z of S there exists a unique pair x, y E D such that z = xy - ‘; also 
there exists a unique pair c, d E D such that z = c-Id. The study of a planar 
difference set of a finite group S is equivalent to the study of a finite projec- 
tive plane IZ admitting a regular collineation group isomorphic to S. (See, 
for example, [L or HP].) The latter leads to the study of multipliers. Here 
an automorphism of the regular collineation group S is a multiplier if it is 
also a collineation of 17. The set of all multipliers of Z7 is called the multi- 
plier group of I7 and S is called a Singer group of Z7. In this paper we 
prove the following. 
THEOREM 1. Suppose the multiplier group contains an involution CI. Then 
the order of the projective plane is a square, and “S = A . B, where 
A=[S,u]={sES~sa=S-’ } is an abelian Hall subgroup of order 
n - & + 1, which is also an arc (i.e., no three points of A are collinear), and 
B = C,(u) is a Hall subgroup of order n + & + 1, which is also a Baer 
subplane. 
THEOREM 2. Let M be an abelian group of multipliers of a projective 
plane of order n. Then the following holds: 
(1) Either /MI <n+ 1 or n is a square. 
(2) Assume the following hypothesis holds: the multiplier group of any 
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projective plane of square order has a central involution. Then IMI <n + 1 
except n = 4. 
(3) If the regular collineation group is abelian, then IMI <n + 1 except 
n = 4. 
For cyclic planes (i.e., projective planes admitting cyclic Singer groups) 
we prove the following. 
THEOREM 3. Let M be a group of multipliers of a cyclic plane of order 
n. Let v(n) = n2 + n + 1. Then the following holds: 
(1) We have (MI <n + 1 except for n = 4. if M does not contain any 
planar collineation, then M is cyclic of odd order and (MI divides n -j, where 
jE {-l,O, l} such that nzj(mod3). 
(2) If (MI = n + 1, then n is even and v is a prime. 
(3) If (MJ = n, then 3 1 n, and n is odd, and v is a prime. 
(4) Zf 1 #M, then (MI fn- 1. 
(5) If1 #M, then (MI =n-2 ifand only ifn=5. 
(6) Ifl#M, then IMI=n-3 ifandonlyifn=9. 
Some remarks are in order. The reason for assuming the hypothesis in 
Theorem 2.(2) is the lack of Hall’s multiplier theorem for non-abelian 
Singer groups. Projective planes of order 2 or 8 show that the bound n + 1 
is attained. Note that in a projective plane of order 4, the multiplier group 
has order 6 < 4 + 1. In all known examples, for projective planes of order 
n, [MI = n + 1 (resp. I MI = n) if and only if n = 2 or 8 (resp. n = 3). 
The multiplier group of a Desarguesian plane of order 81 has order 
3 .4 = 12 > a. This shows that & is not a bound for the order of a 
multiplier group. Theorem 2 also yields a bound, (n + 1)/3, for odd-order 
groups of multipliers, which are planar but not triangular, of abelian Singer 
groups. 
For n E (3673 = 53 .71, 3869 = 53 ‘73, 4189 = 59.71}, the multiplicative 
order of 71 (resp. 71, 73) modulo v(n) is strictly bigger than n + 1. There- 
fore, projective planes with abelian Singer groups of the corresponding 
orders cannot exist by Theorem 2. Note that these orders are larger than 
3600, which is the upper bound of the orders being verified by V. K. Keiser 
[D, p. 2091 for the conjecture that finite cyclic planes have prime power 
order. Observe also that for these values of n, u(n) is not a prime. In fact, 
v(n) is divisible by 3, 31, and 3, respectively. 
Feit [F] and Kantor [K] prove that a flag-transitive projective plane of 
order n is Desarguesian, or it is a cyclic plane such that v(n) is a prime, the 
multiplier group has order n + 1, 8 I n and n is not a power of 2. Theorem 
3 (2) is in the same spirit but from the multiplier group’s point of view. 
All the extra conclusions on n also hold here. 
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In the proof of Theorem 3, we obtain that if 1 # \MI E {n - 3, n - 2, n, 
n + 1 } then M is the multiplier group. Theorem 3 (5) (6), together with 
results in [Ho] and [HOP] characterize projective planes of order 2, 3, 4, 
5, 8, or 9 in terms of the orders of their multiplier groups. 
For cyclic planes of order n such that M does not contain any planar 
element, we prove the following results in Section 5. If IMl > (n + 1)/2, then 
IMI = n + 1 or n (5.3). If lM( = n - k for some k 2 1, then n < 2k + 1 (5.4). 
Further, if 1 <k 6 10, then k = 2, 4, 8, and 10, and the corresponding value 
of n is 5, 7, 11, and 13 (5.5). 
2. PROOF OF THEOREM 1 AND SOME PRELIMINARY RESULTS 
In this section, Z7 is a finite projective plane of order n with a Singer 
group S (i.e., collineation group which acts regularly on the points of Z7). 
We call I7 an abelian (resp. cyclic) plane if S is abelian (resp. cyclic). We 
sometimes identify the points of ZZ with the elements of S. For any number 
x, define u(x) = x2 + x + 1. Let u = u(n) and G be the full collineation group 
of Z7. A multiplier of Z7 is an automorphism of S which is also a collinea- 
tion. For H c G, let P(H) (resp. L(H)) be the set of fixed points (resp. 
lines) of H and Fix (H) be the fixed-point-line substructure of H. An 
integer t is called a numerical multiplier if the automorphism of S : s + s’ 
is a multiplier of I7. We denote this automorphism by m(t). Our termi- 
nology in group theory is taken from [G], that of projective planes is 
taken from [HP], and that of difference sets is taken from [B or L]. 
LEMMA 2.1. A nontrivial multiplier cannot be a perspectivity. 
Proof Let 1 # c( be a multiplier. Suppose tl is perspectivity. There is 
u E S such that 1 # [cc, c]= /?. Since fl= c( -‘a0 is a product of two perspec- 
tivities, it fixes at least one point. This contradicts the fact that S acts 
regularly on the points of Z7. The proof of the lemma is complete. 
2.2. Proof of Theorem 1. Suppose the multipleir group M contains an 
involution a. By Lemma 2.1, the involution Q is a Baer involution. Hence 
n is a square and B = C,(a) is a Baer subplane. Since v(n) is odd, S is 
solvable by Feit-Thompson theorem [FT]. As v(n) = v(G) v(& 1) 
and (v(A), a(& 1)) = 1 ( see, for example, [Ho 1, 2.2]), S has an 
a-invariant Hall subgroup A with 1 Al = v(& - 1). Since I BI = v(G), 
(IAl, lBl)=l. So S=AB=BA and AnB=l. This implies that C,(cr)=l. 
Thus CI inverts each element of A. So A is abelian and A = {s E S I 3% = SK’} 
(see, for example, [H, pp. 24, 141). Threfore A = [A, a]. Since S= B. A 
and B= C,(a), [S, u] = [A, a] = A. 
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We now prove that A is an arc. For each element s E S, s = sAsB, where 
sA E A and sg E B are uniquely determined. There is a difference set D 
invariant under M (see, for example, [L, p. 208, Theorem 2.171). Let 
x, y E D. We claim that if xs =yB, then either x =y or x = y”. Assume 
x,=y,. Then xy-‘EA. Since A= (sES( s’=s-I}, x’(y’)-‘=(xy-I)‘= 
(xy- ‘)-’ = yx-‘. As x, y, Y, y’ all belong to D, the definition of planar 
difference set implies that either x = y or x = y” as claimed. 
Let Ds be any line of 17. If xs, ys~ Ds n A, then xy-’ = (xs)(ys))’ E A. 
Let xy -’ = a E A. Thus, x = uy. Hence xAxB = uy,y,. As a~+, E A, the last 
equality and the uniqueness of the factorization of an element of s E S into 
sAsB imply that xg =y,. Hence, either x =y or x = y”. Therefore 
IDS n Al < 2. This proves that A is an arc. 
The author thanks Blokhuis for informing him that in the Desarguesian 
case, it is known that A is an arc. The next two results concern the 
geometry of subgroups of S. 
LEMMA 2.3. Let H be a subset of S. If there exists a line 1 such that 
3 < (Hn II= JHI or 1 HI - 1, then H cannot be a subgroup of S. 
Proof: By way of contradiction, assume that H is a subgroup. Let 
h E H n 1. Since 3 c 1 HI and at most one point in H is outside I, there is 
1 #r E H such that hr E 1. If (hr) r E I, then the line Zr contains two distinct 
points hr, (hr) r of 1. This implies that Ir = I, which contradicts the 
regularity of S. Hence, (hr) r # 1. 
Let P = hr. Since 3 < (HI, there is 1 # s E H such that s # r. Thus, Ps # Pr. 
Now Pr is the only point in H outside 1 and Ps E H as H is a subgroup. 
This implies that Ps E 1. Suppose (Ps) s f 1. Then the line Is contains two 
distinct points: Ps and (Ps) s of 1. This implies that s fixes the line Z, a 
contradiction. Therefore (Ps) s 4 1. So (Ps) s = Pr. Since 3 --c IHJ, there is 
l#teH such that r#t#s. As r#t, Pr#Pt. So PtEl. From t#s, we 
obtain Ps # Pt. If (Ps) t $1, then (Ps) t = (Ps) s is the unique point in H 
outside 1. However, this implies that t = s as S is regular. This contradiction 
proves that (Ps) t E 1. Therefore Is contains two distinct points Pt, (Ps) t of 
I, which implies Is = 1. This final contradiction proves the lemma. 
COROLLARY 2.4. Suppose U is a group of multipliers. Then 
P(U) = C,(U). If P(U) # 1, then Fix(U) is a triangle or a subplane. 
Proof Suppose P(U) # 1. If IP( U)l = 3, then P(U) is a Sylow 3-sub- 
group of S as 9 does not divide u(n). Since P(U) u = P(U) for any 
1 # u E P(U), the regularity of S implies that P(U) cannot be collinear. So 
Fix(U) is a triangle in this case. The rest of the proof now follows from 2.3 
and the fact that Fix(U) is a closed substructure. 
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In the rest of this section we assume that S is abelian and 0 is a dif- 
ference set invariant under M. Let Jo { - 1, 0, 1 } such that n -j (mod 3). 
Then the number of fixed points of m(n) on D is j + 1. Let Q = D\P(m(n)). 
Then IQ;21 = n -j and QM = Q. 
PROPOSITION 2.5. Suppose S and M are both abelian. If A4 does not 
contain any planar element, then M is cyclic of odd order and acts 
semi-regularly on 52. In particular, IMJ divides n -j. 
Proof: Since any involution of M is a Baer involution by Lemma 2.1, 
(it41 is odd. Suppose M is not cyclic. Then A4 contains a subgroup 
H g Z,, x Z, for some prime p as M is abelian. Hence, S = n i + ,, E H C,(h). 
As v = v(n) is not divisible by 9, the Sylow 3-subgroup of S has order 1 or 
3. This implies that there is hE H such that 1 #C,(h) and /C,(h)/ # 3. 
Thus h is planar by Corollary 2.4. This contradiction proves that M is 
cyclic. 
Next we prove that A4 acts fixed-point-freely on a. Let m EM, and let 
I-= C,(m). Suppose I-# 4. Since m(n) has no fixed point on 52, so 3 1 Ifl. 
As C,(m(n)) contains the Sylow 3-subgroup T of S, Tn a = 4. Therefore 
Tn r= 4. Since C,(m) is a subgroup containing r, the last equality shows 
that ICs(m)l # 3. This implies that m is planar by Lemma 2.1 and 
Corollary 2.4. This contradiction proves that r= 4. So M acts lixed-point- 
freely on Q. Since M is abelian, this implies that M is semi-regular on Q. 
Therefore, 1 MI divides JSZI = n -j. 
LEMMA 2.6. Suppose S is abelian. Zf n is even and n 3 1 (mod 3), then n 
is a square. 
ProoJ Since n E 1 (mod 3) and v is not divisible by 9, the Sylow 3-sub- 
group T of S has order 3. Now 2 is a numerical multiplier as n is even. The 
restriction of m((2)) on T has order 2. Hence n is a square by Lemma 2.1. 
3. THEOREM 2 
We continue to use the notations in the last section. Let M be a group 
of multipliers of 17 and let S be a Singer group normalized by M. For the 
reader’s convenience we record the following known result. 
THEOREM 3.1. (Hall [HP]). Zf S is abelian then any divisor of n is a 
multiplier. 
LEMMA 3.2. Numerical multipliers are in the center of the multiplier group. 
Proof. This follows from the definitions. 
330 CHAT YIN HO 
3.3 Proof of Theorem 2. We apply induction on IM( and n to prove 
Theorem 2. 
(1) Proof of Theorem 2( 1). If /MI is even, then n is a square by 
Theorem 1. Therefore, we may assume /MI is odd. Since a finite group of 
order u(9) = 7.13 is cyclic, projective planes of order less than or equal to 
9 are cyclic planes, and so they are Desarguesian and satisfy the conclusion 
of Theorem 2( 1). Therefore, we may assume the following holds. 
(3.1) n>9. 
If M has a regular point orbit on any line, then IA41 <n + 1. Therefore, 
we may also assume the following holds. 
(3.2) A line fixed by M cannot contain any regular point orbit of M. 
There is a faithful point orbit of A4. (See, for example, CD] or [HP]). 
Since M is abelian, this is a regular orbit. First suppose Fix(M) is a 
triangle or a subplane. Let {A, B, C} be a triangle in P(M). Let X be a 
point in a regular orbit of M. By (3.2), CX, BX are lines not fixed by M. 
Since CX n BX= X, M,, n MBX 5 M,. But M, = 1, so Mcx n M,, = 1. This 
implies that [MI 2 JM,,M,,J = lMcxl lM,,I as M,,M,, is a subgroup 
in the abelian group M. Hence, one of the order of these two subgroups 
(say, JM,,J) is less than or equal to m. For any point Y, let [Y] 
denote the set of lines incident with Y. Now (BX)“~ [B]“= [B]. 
Hence I(BX)“( dn- 1 as BX#BC or AB by (3.2). On the other 
hand, I(BX)“l= IMI/IMeXl. If MS,= 1, then [MI = I(BX)“‘( dn- 1, and 
Theorem 2( 1) holds. Suppose M,, f 1. Since L(M) u { BX} c L(M,,), 
Fix(M,,) is a proper subplane Q by Corollary 2.4. Let the order of this 
subplane be m. Since M is abelian, M acts on a. Thus (BX)M belongs to 
the set of lines of Q which are incident with B and different from AB, BC. 
Therefore I(BX)“l <m-l. As IM,,J <,,&@, we have I(BX)"I= 
(MI/JMsx( 3 m. On the other hand, m <& by a theorem of Bruck 
[HP, pp. 811. Hence, we obtain fi < I( BX)“I d & - 1. This implies 
that IMI < n and Theorem 2( 1) holds. 
Therefore, by Corollary 2.4, we may assume that Fix(M) consists of a 
point and a line. If (P(a)/ = 3 for some c1 E M, then P(a) is a Sylow 3-sub- 
group of S which is invariant under M as M is abelian. Since /Ml is odd, 
this implies that P(a) c Fix(M). Hence, Fix(M) is a triangle or a subplane. 
This contradiction, along with Corollary 2.4, proves that the following 
holds in the present situation. 
(3.3) If tl E A4 with C,(U) # 1, then ~1 is planar. 
Let Fix(M) = (P, I). For any point Y on I different from P, then Y # Y”. 
By (3.2), YM is not a regular orbit of M. Hence, M,# 1. By (3.3) nontrivial 
elements of M, are planar. As Y”’ E In Fix (My), we obtain the following. 
(3.4) If YE (I)\P, then M,# 1 and nontrivial elements in M, are 
planar. Further, 1 Y”“( < y + 1, where y is the order of Fix(M,). 
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Among the nontrivial planar elements of M, choose c1 such that ICs(a)l 
is maximum. Thus, the order m of Fix(a) is maximal among the fixed sub- 
planes of nontrivial elements of M. Let K= {PE M 1 Fix(P)= Fix(a)}. 
Since 1” = 1 and a is not a perspectivity, the set of points on I not fixed by 
a is not empty. Denote this set by IY Since M is abelian, M acts on 
P(a) n (I). Thus M also acts on r. Let QE r. Thus QM z r and so 
QM n P(a) = 4. Since P(a) = P(p) for fl E K, K acts fixed-point-freely on 
Q”. So ) KI 6 1 Q”l. By (3.4), 1 # M, is planar. Let the order of Fix(Mo) 
be q. Since M is abelian, M acts on Fix(Mo). So Q” is a subset of 
P(Mo) n (1). In particular, IQ”1 d q + 1. Therefore IKl <q + 1. 
As A4 induces an odd-order group of multipliers on Fix(a), induction 
yields (M/Kl<m+l. Hence IM\=IM/Kl (KJf(m+l)(q+l). Let H be 
the kernel of the action of M on Fix(Mo). An element h E H n K will fix all 
points of P(a) n (I) and Q”. If h # 1, this implies that h is planar and the 
order of Fix(h) is strictly bigger than m, which is impossible. This 
contradiction proves H n K = 1. Hence, IMI 2 1 HI I KI. So one of these 
two subgroups, say J, has order less than Jln/rl. From IM/K( < m + 1 and 
IM/HI dq + 1, we get mf IM/Jl <r + 1, where r =m or q. Suppose 
r#,/%. Then r’+r<n by a theorem of Bruck [HP, p. 811. So r<&. 
Hence, m<r+ 1 <J IZ, and (MI d n. This proves Theorem 2( 1). 
(2) Proof of Theorem 2(2). By (1) we may assume that n is a square, 
Our hypothesis implies that the multiplier group has a central involution. 
Thus, in proving IMI d n + 1, we may assume, without loss of generality, 
that M contains an involution a. Since M is abelian, M induces a group of 
multipliers on the Baer subplane B = C,(a). Let K be the kernel of this 
action. Let P be a point in A = [S, a]. Since B is a Baer subplane, P is 
incident with a line I of B. Therefore PK c_ I as IK = 1. Since A is an arc 
by Theorem 1, this implies that lPKl < 2. On the other hand, we have 
C,(k) = 1 for all 1 # k E K as B is a Baer subplane and A n B = 1 by 
Theorem 1. So 1 KJ = I PKI < 2. 
By (1) and induction, lM/Kl d & + 1 except in the case & = 4. 
Suppose J;; = 4. Then [M/K\ < 6. Hence, IMI < 2.6 < 17 = 16 + 1. 
Theorem 2(2) holds in this case. Assume & # 4. Then IMI < 2(& + 1). 
If 2(&+l)>n+l, then O>n-2J?~-1=(&--1)~-2. Thus, a> 
& - 1. So n < 2 + 1 + 2fi = 5.8284. Thus n < 5. However n is a square. 
Hence, n = 4. This completes the proof of Theorem 2(2). 
(3) Proof of Theorem 2(3). It suffices to verify that the hypothesis in 
Theorem 2(2) holds. Let t2 be the order of a projective plane with an 
abelian Singer group. Theorem 3.1 and Lemma 3.2 imply that the multi- 
plier m(p) is a central involution of the multiplier group. 
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4. THEOREM 3. 
We continue to use the notations in Section 2. Let D be a difference set 
of the Singer group S which is invariant under M. Assume in addition that 
S is cyclic. Hence, M is abelian. The first part of Theorem 3( 1) follows 
directly from Theorem 2. We remark that this can also be obtained from 
the following result. 
THEOREM 4.1 (Cohen [Cl). With the exception of the two (21,5,1)- 
dgference sets, every cyclic (v, k, A)-dff erence set contains a residue co-prime 
with v. 
The second conclusion of Theorem 3( 1) follows from Proposition 2.5. 
4.1. LEMMA. Zf /MI =n or n + 1, then IMI is odd and C,(u)= 1 for 
l#aeM. 
Proof: From /Ml d n + 1, we may assume A4 is the multiplier group of 
ZY7 as 1 MI = n or n + 1. The multiplier group has order 6 when n = 4. Hence, 
n # 4. Let E be any line fixed by M. By Theorem 4.1, E contains a 
generatoreofS.Hence,M,=l andso le”l=IM:M,I=IMI=norn+l. 
This implies that I C,(cr)l < 1. Therefore, E carries at most one fixed point 
of CI. Hence, tx cannot be planar. In particular, I C,(cc)l = 1 or 3 as v is odd. 
Since any involution in M is Baer, [MI is odd. Suppose T = C,(a) has 
order 3. Then T is the Sylow 3-subgroup of S. Since M has an odd order, 
this implies that TG C,(M). Let 1 be a line incident with two points in T. 
Then 1 is A4 invariant and IC,(M)I > 2. However, this contradicts 
[C,(M)1 < 1, and this contradiction establishes C,(a) = 1. 
4.2. LEMMA. Zf IM( = n or n t 1, then v = v(n) is a prime. 
ProoJ Let p be a prime dividing v. Then M leaves invariant a subgroup 
of order p of S as S is cyclic. By Lemma 4.1, we infer that IMl divides p - 1. 
So n < [MI <p - 1. Hence, n + 1 <p. If there is another prime q diving v, 
then n + 1 d q, also. But this will imply that v= v(n) < (n+ 1)2 <pq. 
This contradiction proves that v =pa for some a B 1. If a > 1, then 
p2<p0=v<(n+1)2Qp2, again a contradiction. Hence, v =p is a prime. 
We now complete the proof of (2) and (3) of Theorem 3. Suppose 
lM( = n. As 3 divides 1MI by Theorem 3.1, 3 divides n. Since IMl is odd by 
Lemma 4.1, so is n. Next, suppose [MI = n + 1. Then n is even as JMI is odd 
by Lemma 4.1. The rest of the proof follows from Lemma 4.2. 
We now prove Theorem 3(4). 
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4.3. LEMMA 144 =n- 1 ifand only ifn=2. 
Prooj Suppose lM( = n - 1 and n # 2. The order of the multiplier 
group is at most n + 1. Assume the multiplier group has order n + 1, then 
as n + 1 = n - 1 + 2, Lagrange theorem implies that n - 1 divides 2. Hence 
n = 2 or 3. But the multiplier group of a plane of order 3 has order 3 not 
n + 1 = 4. Therefore, the multiplier group cannot have order n + 1 in the 
present case. Hence, the multiplier group has order n. Thus we may assume 
that M is the multiplier group. By Hall’s multiplier theorem (Theorem 3.1), 
3 divides [MI. So n = 1 (mod 3). Thus 3 divides v and the Sylow 3-sub- 
group T of S has order 3. Also, the multiplier m(n) fixes exactly 
(n- 1, 3)=3 points [B]. So C,(m(n))= T. If all three points of T are 
collinear with a line Z, the m(n) will act fixed-point-freely on the points 
of I different from T. This implies that 3 divides n + 1 - 3 = n - 2. This 
contradiction proves that T= P(m(n)) is a triangle. If n =4, then 
IMI=6#4-1. Therefore, n#4. 
Note that D is a side of the triangle T. The two points of T on D are not 
generators of S as they generate T< S. By Theorem 4.1, D contains a 
generator d of S. So de D\T. Thus ld”l = IM : M,l = n - 1 implies that 
dM = D\T. Since M is abelian, this shows that IC,(cr)l < 2 for all 1 # a E M. 
This proves that a cannot be planar. In particular, A4 does not contain any 
involution and so IMI is odd. Hence, n = [Ml + 1 is even. So 2 is a multi- 
plier. Therefore n is a square by Lemma 2.6. But this implies that IMI is 
even. This contradiction proves Lemma 4.3. 
We now prove Theorem 3(5). 
4.4. LEMMA. IM( = n - 2 if and only if n = 3 or 5. In particular, n = 5 if 
and only if 1 # A4 has order n - 2. (In this case M is the multiplier group.) 
Proof If n = 3 or 5, then the corresponding multiplier group has order 3, 
which has a subgroup of order n - 2. 
Assume IMl = n - 2. Suppose M is a proper subgroup of the multiplier 
group N. Clearly, IM\ = 1 if and only if n = 3. Assume 1 #M. Since 
n-2jn-1, INI#n-1. If IiVI=n, then nr2(modn-2) implies that 
n -2 divides 2 by Lagrange theorem. So n =4 as 1 #M. But INI = 6 24 
in this case. Hence, INI #n. By Theorem3(1), (N( =n+l. As n-i-1 E 
3(mod n - 2), this implies that n - 2 divides 3, and so n - 5. But it4 = N in 
this case. This contradiction proves that if M is not the multiplier group, 
then /MI =n-2 if and only if M=l and n=3. 
We may assume that M is the multiplier group. By Theorem 3.1, 3 
divides lMI=n-2. So n=2(mod3) and v-l(mod3). So n#4 and the 
Sylow 3-subgroup of S has order 1. Hence, the multiplier m(n) acts 
fixed-point-freely on D. Since n # 4, Theorem 4.1 implies that D contains a 
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generator d of S. Let Q = d”. Then JsZl = IM : M,J = [Ml = n - 2. Hence, 
D = Q u A, where IAl = 3 and A is an orbit of A4 by the action of m((n)). 
Since M is abelian, M induces a cyclic group of order 3 on 52. Let K be the 
kernel of the action of M on A. Then Kn (m(n)) = 1 and M= Kx (m(n)). 
Since A4 acts fixed-point-freely on Q, K consists of elements of M which 
have some fixed points in D. Note that these fixed points in D lie in A. If 
1 # /? E M with C,(p) # 1, then fi is planar as C,(p) is a subgroup and the 
Sylow 3-subgroup of S is 1. Thus, /3 has fixed points in D as m(n) acts 
fixed-point-freely. This implies that p E K. 
Let 1 # c( E K. Then Q c C,(M). So lC,(cr)l > 3 as the Sylow 3-subgroup 
of S has order 1. Hence, a is planar. Since D is a line fixed by tl and D 
contains exactly three fixed points of ~1, C,(U) is a subplane of order 2. 
If M has an even order, then the involution belongs to K, This will imply 
n = 4, a contradiction. This contradiction proves that /MI is odd. 
If K = 1, then (MI = 3 and n = 5. Hence, we may assume that K # 1. Since 
IC,(cc)( = 7 for all 1 #a E K and S is cyclic, C,(U) = C,(K) is the subgroup 
of order 7 of S. Suppose v = (Sj = 7. Then n = 2 and [MI = 0. This 
contradiction proves that v > 7. 
Assume p # 7 is a prime divisor of v. Since 5 1 v and 3 1 v in the present 
case, we have p > 7. Thus A4 acts fixed-point-freely on the cyclic subgroup 
of order p of S. This implies n - 2 = IMI divides p - 1. In particular, 
n - 2 <p - 1. So n - 1 <p. If there is another prime q # 7 such that q I v, 
then we may assume without loss of generality that q>p. Since v is odd, 
so p and q are both odd. Hence, q >p + 1 > n. This implies that 
~~(p+l)~+(p+l)+l=p~+3p+3. However, v>7pqB7p(p+2)= 
7p2 + 14~. We now obtain a contradiction, namely, 7p2 + 14p dp2 + 3p + 3 
(i.e. 6p2 + 1 lp 6 3). This proves that there exists at most one prime different 
7 dividing v. Similarly, if p2 ) v, then we have p2 + 3p + 3 2 v > 7p2. So 
3(p + 1) 2 6p2 or p + 1 3 2~‘. This contradiction proves that v = 7”~. Since 
A4 acts fixed-point-freely on the Sylow p-subgroup of S, A4 is a Frobenius 
complement. As M is abelian, so M is cyclic. From M= Kx (m(n)), we 
infer that K has order prime to 3. 
Let K= (k). Let W be the Sylow 7-subgroup of S. Now C,(k)= 
sZ,( W), the subgroup of order 7 in W. This implies that the order of k is 
a power of 7. Let the order of k be 7h. Then IMl = 3.7’= n - 2. 
Hence, n=3.7’+2, and so ~=(9.7~~+4.3.7’+4)+(3.7~+2)+1= 
9.726+15.7b+7=7(9.72bP1+15.7bP’+1). 
If b= 1, then n=3.7+2=23. But then /MI #n-2. Hence, b>l. Thus, 
c=9.72h-’ +15.7bP’+1=l(mod7). From v=7”p=7c, we have p=c 
and a=l. Now p-1=7 ‘-l(9.7’+ 15). Since 3.7’= [Ml I (p-l), we 
have 3 .7 I 9.7’ + 15. So 7 1 9.7’+ 15 = 1 (mod 7). This contradiction 
proves that v = 7”. But IM( = 3.7’ implies that v = 7c with c E 1 (mod 7). 
This contradiction proves that K = 1 and thus completes the proof. 
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We now prove Theorem 3(6). 
4.5. LEMMA. (MI = n - 3 if and only if n = 4 or 9. In particular, n = 9 if 
and only if 1 # A4 has order n - 3. 
Proqj: If n = 4 or 9, then the corresponding multiplier group has order 
6 or 9, which has a subgroup of order n - 3. 
Assume IMI = n - 3. Suppose M is a proper subgroup of the multiplier 
group N. Clearly IMI = 1 if and only if n = 4. Assume 1 # M. By 
Theorem 3(4), the possibilities for INI are n - 2, n, n + 1. Using Lagrange 
theorem, the corresponding possibilities for n are respectively 4, 6, and 7. 
Since the plane of order 6 does not exist and for the plane or order 7, 
INI = 3 not 7 + 1, so the situation 1 < M< N cannot occur. Therefore, we 
may assume M is the multiplier group. By Theorem 3.1, n = 0 (mod 3). 
This implies that n is odd [L, p. 2061. Hence, IMI = n - 3 is even. Let i be 
the involution in M. Then P(i) = C,(i) is a Baer subplane and D is a line 
of this subplane. By Theorem 4.1, D contains a generator d of S. Hence 
Id”l = IMI = n - 3. As M acts fixed-point-freely on d”, the fixed points for 
i belong to D\d”, which has four points. Therefore, & < 4 - 1. Since n is 
odd, this implies that & = 3 and n = 9 as desired. 
5. REMARKS ON CYCLIC PLANES 
In this section, projective planes are cyclic planes of order n, 
u = n2 + n + 1, and A4 is a group of multipliers. 
(5.1) If u is a prime, then certainly 1MI divides n or n + 1. Theorem 3 
proves that if IMI = n or n + 1, then v is a prime. For the Desarguesian 
plane of order 27, the multiplier group has order 9 dividing 27, and 
~(27) = 757 is a prime. However, for the Desarguesian plane of order 39, 
the multiplier group has order 27 dividing 39. But ~(3~) = 387440173 is 
divisible by 109. Also for the Desarguesian plane of order 125, the multi- 
plier group has order 9 which divides 125 + 1, but u( 125) = 15751 = 
19 x 829. 
(5.2) In the proof of (2) and (3) of Theorem 3, the fact that M does 
not contain planar elements has been used to show that u is a prime. The 
Desarguasian plane of order 125 (or 73) shows the condition that A4 does 
not contain any planar element is not sufficient for u to be a prime. 
(5.3) Suppose the group M of multipliers does not contain any planar 
element. If 1MI > (n + 1)/2, then (MI =n+ 1 or n. 
Proof: By Proposition 2.5, we have IMI = 3s 1 IQ1 = n -j= 3t. Hence, 
s = t or 2s < t. Assume s < t. Then n + 1 = 2lMI < 2(3s) = 3(2s) < 3t = n -j. 
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This contradiction proves that s = t. Now the result follows from (2), (3), 
and (4) of Theorem 3. 
A corollary of (5.3) is the following. 
(5.4) Suppose A4 does not contain any planar element. If IM( = n -k 
for some k> 1, then n62k+ 1. 
ProojI By Theorem 3(4), we may assume k > 1. By (5.3), we have 
n-k=(MId(n+1)/2. This implies n<2k+l. 
In [Ho], it is proved that if IM( = 3, then n is a prime. On the other 
hand, (5.4) treats the case when (MI is relatively big with respect o n (i.e., 
k is small). An easy computation shows the following. 
(5.5) If 1 d k < 10 in (5.4), then k = 2, 4, 8, 10, and the corresponding 
value of n is 5, 7, 11, and 13. 
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